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A mi
ros
opi
 theory of low energy �ssion: fragment propertiesW. Younes, D. Gogny, and N. S
hun
kLawren
e Livermore National LaboratoryLivermore, CA 94551We present fully mi
ros
opi
 time-dependent 
al
ulations of �ssion-fragment properties (mass distributions, pre-s
ission energies, total kineti
 andex
itation energies) for the 235U (n, f) and 239Pu (n, f) rea
tions. The massdistributions for both rea
tions have been obtained as a fun
tion of in
identneutron energy from thermal to 5 MeV. The various energies have been 
al
u-lated for the thermal 239Pu (n, f) rea
tion. We our 
al
ulations to experimentalresults, wherever possible.1. Introdu
tionA goal and sensitive test of our understanding of �ssion at the mi
ros
opi
level of intera
ting protons and neutrons is the development of a 
om-prehensive theory of �ssion-fragment properties. We present a mi
ros
opi
approa
h to the 
al
ulation of several 
ru
ial �ssion fragment properties(their mass yields, as well as their kineti
 and ex
itation energies) within asingle theoreti
al framework.Ideally, we would follow the evolution of the full many body wave fun
-tion of the parent nu
leus as a fun
tion of time, and analyze it in termsof ex
itations built on top of the ground states of all possible fragments.The 
omplexity of the many-body wave fun
tion makes this extremely di�-
ult. Instead, we begin with a 
onstrained Hartree-Fo
k-Bogoliubov (HFB)des
ription of the parent nu
leus, 
onstru
t a wave pa
ket from all HFBsolutions with respe
t to a few 
olle
tive 
oordinates relevant to the �ssionpro
ess, and allow the system to evolve in time out to s
ission. Thus wemust ne
essarily re
ognize two regions within the spa
e spanned by the
olle
tive 
oordinates: an inner region where the system is des
ribed by theHamiltonian of the parent nu
leus, and an outer region where the systemis des
ribed by the Hamiltonian of the individual fragments, intera
tingessentially through their mutual Coulomb repulsion. These two regions are
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2separated by a boundary that we identify as the set of s
ission points.Thus, two 
entral 
on
epts lie at the heart of this mi
ros
opi
 approa
hto �ssion: our de�nition of s
ission, and the 
hoi
e of appropriate 
olle
-tive 
oordinate. We will elu
idate these two 
on
epts in this paper and usethem in mi
ros
opi
 
al
ulations of the �ssion-fragment properties for the
235U (n, f) and 239Pu (n, f) rea
tions.2. TheoryHow 
an we re
ognize s
ission? In standard HFB 
al
ulations for an a
tinidenu
leus, with the quadrupole (Q20) and o
tupole (Q30) moments of nu
leusunder 
onstraint, we 
an follow the evolution of the properties of the parentnu
leus (e.g., its total energy, its hexade
apole moment Q40, its spatialdensity, et
) as a fun
tion of Q20 and Q30. In the Q20-Q30 spa
e, we 
anusually identify a boundary line separating inner and outer regions where weobserve a dis
ontinuous 
hange in various properties of the system, su
h asa marked drop in the total energy, and the transition of the spatial densityfrom that of a single nu
leus, to that of a pair of nu
lei no longer 
onne
tedby a ne
k. This abrupt transition, makes it impossible to re
ognize thefragment properties at s
ission. In order to identify the s
ission boundarymore pre
isely, we have imposed the size of the ne
k1 separating the pre-fragments as an additional 
onstraint. With this 
onstraint, we 
an nowlook in detail at the individual quasiparti
le states of the nu
leus and assignthem to either one of the two pre-fragments. Individual quasiparti
les 
anbe assigned to a parti
ular pre-fragment based on whether most of its spatialdensity lies more on the side of that fragment, with respe
t to the position ofthe ne
k. On
e this 
lassi�
ation of quasiparti
le states has been 
ompleted(with some allowan
e for weakly populated states that 
annot easily beattributed to either pre-fragment), the intera
tion energy of the parentnu
leus 
an be partitioned into separate 
ontributions from ea
h fragment,and a mutual (nu
lear + Coulomb) intera
tion between them. We observethat the pre-fragments 
onstru
ted by assigning individual quasiparti
lestates one at a time exhibit tails in their spatial distributions that stret
hdeeply into the 
omplementary fragment.2,3 These tails 
an persist, even asthe ne
k between the pre-fragments vanishes. Furthermore, our 
al
ulationsfor 240Pu �ssion show that the mutual intera
tion energy between the pre-fragments varies linearly with the number of parti
les in those tails, andthat ea
h parti
le in the tails 
ontributes ~ 50 MeV of attra
tive nu
learintera
tion energy between the pre-fragments. Under those 
onditions itbe
omes ex
eedingly di�
ult to de�ne s
ission.
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al state of a�airs stems from the fa
t that allHFB 
al
ulations are de�ned only up to an arbitrary unitary transforma-tion.4 We 
an 
hoose this transformation to further lo
alize the individualquasiparti
le states on their respe
tive pre-fragments and redu
e the size ofthe tails, without 
hanging any of the global properties of the HFB solution(total energy, moments, et
.)3 We 
an start to apply this transformationas soon as we re
ognize pre-fragments in the total density of the parentnu
leus, and thereby follow the separation of the parent into its daugh-ters progressively a
ross the s
ission boundary. This lo
alization pro
eduremakes it possible to identify a physi
ally meaningful s
ission point. Thus, inour re
ent letter3 we have adopted the following 
riteria to de�ne s
ission,based on a mi
ros
opi
 analysis of the HFB solution after lo
alization: 1)the Coulomb repulsion must greatly ex
eed the nu
lear intera
tion betweenthe pre-fragments (so that they will qui
kly �y apart), 2) the ex
hange in-tera
tion between the fragments must be small (so that the system behavesas two Bogoliubov va
uua as far as expe
tation values of interest are 
on-
erned), and 3) it is possible to ex
ite two-quasiparti
le states on ea
hpre-fragment whose wave fun
tions remain lo
alized on that pre-fragment.With these 
riteria veri�ed, the pre-fragments 
an be 
onsidered as sepa-rate entities (i.e. primary fragments) ea
h with its own set of ex
itations,and intera
ting through a repulsive for
e a
ting only on their 
enters ofmass. We emphasize that this des
ription does not yet 
onstitute a 
om-plete dynami
al theory of s
ission, but it provides the 
ru
ial mi
ros
opi
ingredients for su
h a theory.Next, we dis
uss the 
hoi
e of 
olle
tive 
oordinates for the des
riptionof �ssion. We have found that Q30 and the fragment mass are not in a one-to-one relationship. We have also previously alluded3 to the fa
t that, nears
ission, 
onstraints on the properties of the individual pre-fragments arebetter suited to the des
ription of the �ssion pro
ess. With that in mind,we introdu
e the mass asymmetry 
oordinate ξ ≡ (A2 − A1) /A, where A1and A2 are the numbers of parti
les (protons+neutrons) in ea
h fragment,
al
ulated as the integral of the total density of the parent nu
leus to eitherside of the ne
k position, and A = A1 + A2. We also de�ne the separationdistan
e d between the 
enters of mass of the pre-fragments d ≡ z2 − z1,where the zi are the 
enters of mass along the z axis of symmetry of theparent nu
leus. The positions zi are also obtained from integral momentsof the total density to either side of the ne
k position. Although thesenew 
onstraints rely on semi-
lassi
al de�nitions (i.e., sharp 
uts in thetotal density to 
al
ulate integrals), the subsequent analysis of the s
ission
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alization pro
edure dis
ussed above and takesinto a

ount the e�e
t of the pre-fragment tails.With the mi
ros
opi
 de�nition of s
ission given above, and the 
hoi
eof ξ and d as 
olle
tive 
oordinates, we 
an 
al
ulate a large set of 
on�gu-rations that give a stati
 pi
ture of the �ssioning system up to s
ission. Wenow 
omplete this pi
ture with a dynami
 treatment of the �ssion pro
ess.This time-dependent des
ription is needed to 
al
ulate the mass distribu-tion of the fragments, as well as the partition of the energy available in�ssion between kineti
 and ex
itation energy of the fragments. Thereforewe need to derive a 
olle
tive Hamiltonian that governs the evolution of thesystem. For this, we use a semi
lassi
al approa
h, quantized a posteriori.5,6The time-dependent solution in the internal region in (d, ξ) gives a �uxa
ross the s
ission boundary, whi
h we interpret as the mass distributionof the fragments. The initial state for the time evolution depends on theinitial ex
itation energy, and is 
onstru
ted as in ref.6At this point, we have given a fully mi
ros
opi
 des
ription of the �s-sion pro
ess in the interior region, up to s
ission. How do we 
onne
t theinterior and exterior regions in the 
al
ulations? The interior region is de-s
ribed by adiabati
 HFB 
al
ulations. If we 
ontinue to apply the samevariational prin
iple beyond s
ission, the ultimate result will invariably betwo fragments in�nitely far apart and in their ground states. However, ouranalysis of the intera
tion energy between pre-fragments suggests that thesystem breaks apart suddenly and that the fragments remain �frozen� intheir 
on�gurations at that s
ission point. Beyond s
ission, we assume thatthe fragments propagate a

ording to a Hamiltonian that depends only ontheir separation distan
e. We will need to estimate the kineti
 energy ofthese fragments at s
ission, or pre-s
ission kineti
 energy (PKE), withinthe 
ontext of our mi
ros
opi
 approa
h. The basi
 problem in the 
al
ula-tion of PKE is to estimate the �dissipation� of energy due to the 
oupling ofthe �ssion mode to other (transverse) degrees of freedom, su
h as intrinsi
and 
olle
tive ex
itations. Then, only motion in the �ssion dire
tion will
ontribute to the PKE, whi
h we estimate from the 
oupling between 
ol-le
tive 
oordinates . We identify the �ssion dire
tion at a s
ission point withthe dire
tion of maximum �ux (also given by the dire
tion of the probabil-ity 
urrent). We then 
al
ulate the �ux φ in that dire
tion, normalized bythe squared amplitude |g|2 of the wave fun
tion at this point in (d, ξ) andobserve that, for �ssion from many states at low ex
itation energies, thisnormalized �ux is 
onstant in time. This observation suggests a solutionat s
ission that is a produ
t of a lo
al plane wave in the �ssion dire
tion,
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tion in the transverse dire
tion whi
h is 
an
elled out bythe normalization of the �ux. We now use the WKB approximation in the�ssion dire
tion, in order to relate the normalized �ux of the wave to itsenergy EF in that dire
tion, φ/ |g|2 =

√
2BF EF /~, where BF is the inertiain the �ssion dire
tion. In a one-dimensional model of �ssion whi
h doesnot allow for transverse motion, the di�eren
e ∆E = Etot−V (ds
) betweentotal energy of the parent nu
leus in its initial state and at s
ission wouldappear entirely as PKE of the fragments. In general, the energy EF we
al
ulated above will be smaller: EF < ∆E, with the di�eren
e being lostto transverse motion. We interpret EF as the PKE. With this last result,we 
an now 
onne
t the interior and exterior regions in the 
al
ulation.To establish this 
onne
tion we invoke the 
onservation of total energy ofthe system: sin
e the separation distan
e d is the only 
oordinate in theexterior, and sin
e ∆E − EF is the energy in the dire
tion transverse to

d, we 
annot asso
iate it with the kineti
 energy of the fragments, andtherefore we assign it to their ex
itation energy. Note that we do not yethave a me
hanism to des
ribe this transfer in energy (although strides arebeing made in this dire
tion7); this is only a model to estimate the energy"dissipated" due to the 
oupling between 
olle
tive degrees of freedom.3. Dis
ussionWe have used the mi
ros
opi
 approa
h to 
al
ulate the mass distributionof �ssion fragments for the 235U(n, f) and 239Pu(n, f) rea
tions, as a fun
-tion of in
ident neutron energy with En = thermal to 5 MeV. For a givenex
itation energy of the 
ompound �ssioning nu
leus, 
al
ulated �uxes frominitial states within +- 500 keV of that ex
itation energy were averaged to-gether. We also a

ount for �u
tuations in parti
le number of the fragmentsdue to pairing by applying a Gaussian smoothing to the 
al
ulated yieldswith a width suggested by the �u
tuation in parti
le number.We 
ompare in Fig. 1 the 
al
ulated mass distributions for the 235U(n, f)rea
tion before neutron emission, to experimental results from Straede etal.8 About 2/3 of the 
al
ulated fragments yields lie within 30% of theexperimental values, with the most signi�
ant dis
repan
ies o

urring nearpeak for thermal �ssion (En = 0.0 MeV), and near symmetri
 �ssion (A= 118) for En ≥ 2 MeV. Similarly, we show in Fig. 1 the 
al
ulated massdistributions for the 239Pu(n, f) rea
tion. In this 
ase, experimental valuesfor the pre-neutron yields are only available for En = thermal.9 At higherenergies, we 
ompare our mi
ros
opi
 
al
ulations to the phenomenologi
algeneral �ssion model (GEF) of S
hmidt et al.10 At thermal energies, about
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63/4 of the 
al
ulated yields agree with experimental values to within 30%.The agreement between our 
al
ulations and the data is 
omparable to thata
hieved by the phenomenologi
al GEF model.
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Fig. 1. Theoreti
al 
al
ulations of mass yields, before neutron emission, for 235U (n, f)(top 3 panels) and 239Pu (n, f) (bottom 3 panels), for di�erent in
ident energies En.Mi
ros
opi
-theory values (dashed lines) are 
ompared to experimental data (solid
urves) where available. the phenomenologi
al model GEF of S
hmidt et al. (dottedline) is also shown for 239Pu (n, f).Next, we apply the mi
ros
opi
 approa
h to the 
al
ulation of the frag-ment total kineti
 (TKE) and total ex
itation (TXE) energies. Using theanalysis of the normalized �ux at s
ission des
ribed in the theory se
tion, wehave 
al
ulated ~ 50% of the saddle-to-s
ission energy going into PKE forthermal �ssion in the most probable �ssion mode. This result is in line withthe assumption we made in our letter3 and is 
onsistent with data-basedestimates made by other authors.11 These PKE 
an be added to stati
 
al-
ulations of the fragment kineti
 and ex
itation energies at s
ission. Withthe quasiparti
le states lo
alized on the fragments, the kineti
 energy ats
ission is 
al
ulated as the Coulomb intera
tion between the proton states
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omplementary fragments. The fragment ex
itation energies at s
is-sion are obtained as the di�eren
e between their internal energies at s
issionand in their ground state. The ground state of the fragments was obtainedby relaxing the 
onstraint on the size of the ne
k joining them, and allowingthe system to relax into its minimum-energy state. The TKE and TXE ob-tained for 239Pu(nth, f) is 
ompared in Fig. 2 to experimental values. Theagreement between mi
ros
opi
 
al
ulation and experiment is very good forthe TKE, while the 
al
ulated TXE are low 
ompared to experiment. Wefound the quality of this agreement was not signi�
antly improved whenwe assumed a 70/30 split for the pre-s
ission ex
itation-to-kineti
 energyratio, 
ompared to the 50/50 split assumed in Fig. 2. We also obtainedsimilar agreement with data for the TKE and TXE when we used the D1Mparametrization12 of the �nite-range nu
leon intera
tion, instead of the D1Svalues used in Fig. 2.
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Fig. 2. Comparison of 
al
ulated and experimental TKE (top panel) and TXE (bottompanel) for the 239Pu (n, f) rea
tion.
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84. Con
lusionWe have des
ribed within a single mi
ros
opi
 framework several impor-tant aspe
ts of �ssion: the mass distribution, pre-s
ission energy, and thetotal kineti
 and ex
itation energies of the fragments. We obtain reason-able agreement with experiment, however dis
repan
ies remain, espe
iallyin the 
al
ulation of the ex
itation energies of the fragments. These latterresults 
an 
ertainly be ameliorated, in parti
ular with an improved 
al
u-lation of the fragment ground-state energies. There is hope therefore thata mi
ros
opi
 approa
h 
ould reprodu
e the 
omprehensive set of �ssionobservables with some reasonable a

ura
y (~ 20-30%) in the short term.This work performed under the auspi
es of the U.S. Department ofEnergy by Lawren
e Livermore National Laboratory under Contra
t DE-AC52-07NA27344.Referen
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